Transform is particularly useful in engineering applications such as the computation of the complex impedance when the real or imaginary part is known. In such instances, the real and imaginary parts are related by the Hilbert Transform.
In the physical problems under consideration we can consider the tabular function of frequency as arising from a Fourier Transform of a causal time systern, that is, a function of time which is zero for t < 0. Such a .;zytem gives rise to a complex Fouripr Transform with a real part that is an even function of frequency and an imaginary part that it an odd function of frequency. These two parts are then related by the Hilbert Transform. Our tabular function is consid-I ered the even function of frequency, its Hilbert Transform is considered the odd Ifunction of frequency, and the complex combination of the two are considered the Fourier Transform of a causal system.
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MATHEMATICAL ANALYSIS
For a function of angular frequency, R(a,), the Hilbert Transform is defined
The integral is to be interpreted as the Cauchy Principal Value so that the singularity arising in the denominator may be eliminated, that is
When the given function is a function of frequency, R(f), we have
which is interpreted as
fEf,
fff

A 0 r+E
We seek to evaluate (3) when R(f) is in tabular form and is an even function of frequency. It is also assumed that R(f) is described tabularly with equal spacing in the frequency axis.
Since we will employ numerical Integration, we first modify expression (3) in order to eliminate the singularity. We note, that II in the sense of the Cauchy Principle Value since
Thus any multiple of (5) may be added to (3). In particular, we may write
thus making the singularity in the integrand apparent. The integrand does not become arbitrarily large anywhere and is now suitable for "merical integration.
Since R(f) is an even function we have
We assume R(f) to be zero outside the range of its tabular description. Denoting f as the first frequency and fN as the last frequency in the table we have
We may now write (7) as 
fu-
fÑ (11)
The first and last integrals can be accomplished directly. Thus
We are henceforth interested in the evaluation of the integral in (12), namely and a~f is the spacing in the frequency axis.
When N is even the Trapezo-*dal Rule is used to include the last interval. Thus 
E]
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To obtain the Hilbert Transform, X., at the f. FBEG -the first frequency, fl. for the H array. FEND -the last frequency, fN' for the R array.
Since equal spacing in the frequency axis is assumed, the items N, FBEG and FEND permit the subroutine to determine the values fi i 1, 2,..., N.
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PROGRPAM LISTING
The following is the Fortran listing of the subroutine HTRAN as written for the CDC 6600 at Hanscom Field, Massachusetts. SUBROUTINE HTRAN(R, X, N, FEEG, FEND This example reduces to the trivial case since the integral in (12) vanishes and the first term in (12) is identical with (23).
However, exact agreement with (23) may not be attained by the subroutine since interpolations and extrapolations are employed to find the Hilbert Transform at the specified f values. Using an N value of 501, exact agreement was obtained in the range 0 f 1 except for values of f near f =1.
Example 2
For the function
(24) 0 1< f t with R(f) an even function, the exact expression foi the Hilbert Transf-,rm in the range 0 _ f_ I is known to be
Two cases were examined to illustrate the accuracy of the numerical integrations. Table 1 depicts the comparison of the two cases with the exact results from (25). We first note an overall increase in accuracy for the case with the smaller j spacing along the f axis. This behavior is to be expected with a numerical integration scheme auch as the one employed. We also note a decrease in accuracy in both cases as f increases from 0 to 1.
This may be explained by the nature of the R(f) function (24). The magnitude of the slope of R(f), and consequently also for the integrand in (12), increases greatly as f goes from 0 to 1. This could well affect the accuracy of the numerical integrations.
Example 3
For the function Table 2 shows the comparison of the two cases with exact results (27) for the upper limit of f being 00. .4225282 X 10 -5
As was to be expected, the case with the larger value for fN produces more accurate results.
SUMMARY
The subroutine UTRAN obtains accurate values of the Hilbert Transform of a tabular function of frequency, which is equally spaced in the frequency axis, is an even function of frequency and is zero outside its range of tabular definition.
Numerical integrations based on Simpsons Rule in which singularities and indeterminacies are eliminated and cubic polynomial interpolations are employed.
Values of the Hilbert Transform are obtained for the same frequency values as are specified in the tabular definition of the function. As is demonstrated in the examples, the frequency spacing needs to be small in order that the numerical integrations and interpolations produce accurate results.
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